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CN ■ ABSTRACT: Nuclear magnetic dipole properties of ground bands and 7-vibrational 
^ bands are studied for the first time using the triaxial projected shell model approach. 
The study is carried out for the Dy and Er isotopic chains, ranging from transitional to 
well-deformed region. It is found that the g-factor ratio of the 2+ state in ground bands 
^ ' to that of 7-bands, r = g{2~^,'j-vih)/g{2~^, ground), varies along an isotopic chain. With 
Ch ■ the 7-deformations, which best reproduce the energy levels for both bands, we obtain a 
qualitative agreement with the experimental data. This result thus suggests that study of 
^ ', the ratio may provide an important information on the triaxial deformation of a nuclear 
^ I system. The angular-momentum dependence of the ground band g-factor on the triaxial 
deformation is also investigated. 



The importance of triaxial deformation has been a long-standing problem in the studies 
of atomic nuclei. Although it is known from several model studies that nuclei in the 
transitional regions acquire a stable triaxial mean-field deformation, consequences of it on 
the measurable electromagnetic transition probabilities have remained less clear. Nuclear 
magnetic dipole properties are very sensitive to the single-particle aspects of the nuclear 
wave-function and hence can provide valuable information on the microscopic structure 
of a nuclear system. As the single-particle orbits can be strongly modified by triaxiality, 
the interesting question is whether the triaxial deformation will have observable effects in 
the magnetic dipole properties. 

The study of nuclear magnetic properties has been an active field of research in nuclear 
structure physics. On the experimental side, considerable progress in the g-factor exper- 
iment has recently been made by taking advantages of modern experimental techniques 
and sensitive detectors, for a recent example, see Ref. |jl|. There have been new mea- 
surements on the ground band and the 7-band g-factors for some rare earth nuclei 0,0. 
On the theoretical side, several early calculations were devoted to the study of g-factors. 
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They were based either on the cranking models or on the angular momentum projec- 
tion method p|^IO[ . There have been also calculations using the interacting boson model 



1^. However, a microscopic and systematic investigation that treats ground bands and 
7-bands simultaneously, and thus can study their correlations along an isotopic chain, is 
still missing. 

Recently, triaxial projected shell model (TPSM) calculation has become available [O]. 



The TPSM extends the original projected shell model |]T3| by removing the restriction of 



an axially deformed basis assumed in the earlier calculations. In the TPSM approach, one 
introduces triaxiality in the deformed basis and performs exactly three-dimensional angu- 
lar momentum projection. In this way, the deformed vacuum state is much enriched by 
allowing all possible i^-components. Diagonalization mixes these i^-states, and various 



excited levels, specified by emerge |TJ]. The first excited TPSM band describes the 
observed 7-vibrational band, and the second excited TPSM band reproduces the experi- 
mental 77-band. This picture is similar to the one shown by Davydov and Filippov [|15 



but now obtained in terms of a fully microscopic theory. Transition quadrupole moments 



in 7-soft nuclei have also been well described by the TPSM ||T6|. It was shown |T6| that 
the increasing trend in transition quadrupole moment of ground bands has a close relation 
to the triaxiality of a nucleus. 

In the present work, the ground band and the 7-band g-factors are studied for the first 



time by using the TPSM. As in the early projected shell model studies |13|, to treat these 
deformed rare earth nuclei, it is appropriate to include three major shells for each type of 
nucleons {N = 4, 5, 6 for neutrons and = 3, 4, 5 for protons). The TPSM wave-function 
can be written as 

'^M=T.fKPilK\^> ■ (1) 
K 

In Eq. ([I|), a specifies the states with the same angular momentum /, PIik is the three- 
dimensional projection operator 

p'mk = I dnDi,j,{n) mi (2) 



87r2 . 

and I $ > represents the triaxial qp vacuum state 

{P^,^|<l>>, 0<K<l}. (3) 

For studying the low-spin states with < / < 10 before any quasi-particle (qp) alignment 
may occur, this is the simplest possible configuration space for an even-even nucleus with 
the 7-degree of freedom included. 

As in the earlier calculations, we use the pairing plus quadrupole-quadrupole Hamilto- 
nian with inclusion of the quadrupole-pairing term 

H=Ho-lxi: QiQ, - gmP^p -gqy: piK- (4) 



The corresponding triaxial Nilsson Hamiltonian is given by 
2fi / n ^ ,0+2 + ! 



Hn = Ho~ % Lq, + e'^±i±^| . (5) 
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Table 1 

Deformation parameters e and e' used in the TPSM calculations. 7 are obtained from the 
relation tan 7 = — . 



Nucleus 


e 


e' 


7 (degree) 




0.21 


0.120 


30 


156 


0.24 


0.130 


28 


158j3y 


0.26 


0.120 


25 




0.27 


0.125 


25 


162j3y 


0.28 


0.130 


25 


164Dy 


0.29 


0.140 


26 



In Eq. @, Hq is the spherical single-particle Hamiltonian, which contains a proper 
spin-orbit force |]T^. The interaction strengths are taken as follows: The QQ-foice 



strength x is adjusted such that it has a self-consistent relation with the quadrupole 
deformation e. The monopole pairing strength Gm is of the standard form Gm = 
[21.24=Fl3.86(A^-Z)/v4]/v4, with "-" for neutrons and "-h" for protons, which ap- 
proximately reproduces the observed odd-even mass differences in this mass region. The 
quadrupole pairing strength Gq is assumed to be proportional to Gm, the proportionality 
constant being fixed as usual to be 0.16. These interaction strengths are consistent with 
those used previously for the same mass region |ll2|-[l^,p!^ . e' in Eq. (|^) can be adjusted, 
reflecting how much the system is 7-deformed. The philosophy of the present approach is 
that based on the Nilsson potential, one performs explicit angular-momentum projection 
with a two-body interaction which conforms (through self-consistent conditions) with the 
mean-field Nilsson potential. The Hamiltonian with separable forces serves only as an 
effective interaction, the parameters of which have been fitted to the experimental data. 

The Hamiltonian in Eq. (^) is diagonalized using the projected basis of Eq. (^). We 
emphasize that, although only the qp- vacuum state is included in the basis, its triaxial 
nature generates the 7^- mixing when the diagonalization is carried out. The expansion 
coefficients /, obtained through the diagonalization of the shell-model Hamiltonian, de- 
scribe the amount of iiT-mixing and specify various physical states (e.g. g-, 7-, 77-bands, 

•■■) Hi- 

In Fig. 1, we present the calculated energy levels together with experimental data 
for the ground and the 7-band in ^^"^"^^"^Dy. In Table 1, e and e' used in the TPSM 
calculations for the Dy isotopes are listed. It can be seen that the TPSM describe the 
energy levels very well. In particular, the steepness in the increasing curve for the lighter 
isotopes and the position of the 7-band head are correctly described in the calculation. In 
the later discussion for the g-factor calculations, the same deformations e and e' in Table 
1 will be used. We note that changing e' can give different g-factor results, but this will 
destroy the agreement for the spectrum calculation obtained in Fig. 1. 

The wave-functions obtained from the diagonalization are then used to evaluate the 
electromagnetic transition probabilities. The g-factor g{a, I) is generally defined as 

9{a, I) = = gA^, n + 9A^, I), (6) 
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Figure 1. Comparison of calculated energy levels with experimental data for the 
ground bands and the 7-band in ^^"^"^^^Dy. Filled symbols represent data and open 
symbols the calculation. 



with fi{a, I) being the magnetic moment of a state (a, /). gr{(y, /), r = tt or z/, is given by 
1 



1 



1 



gj <vl/j||j-||vl/j> +ig:-gl) < vj/J] |vl/J > 



In our calculations, the following standard values for gi and gs [T^ have been taken: 
gf = l,gi = 0,gg = 5.586 x 0.75, and g^ = —3.826 x 0.75. In the angular-momentum 
projection theory, the reduced matrix element for rh (with rh being either j or s) can be 
explicitly expressed as 



= X! flKiflKf X! ( 

Ki,Kf AU,Mf,M 

\I~Kf 



\I-M 



f 



-Mf M Mi 



<^\PkfMfrniMPk,M,\^> 



(2/+1) E ( 



flKi /. 



IKt 
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^ E ( _i M' M") [ d^Dw'KM <^rniM'R{P)\^> ■ 

M',M" V -f^/ ^^-^ ) J 

We finally have 

9r{cyJ) = I E fiKjiK, E <IM"lM'\IKf> 

H-NyJ^ "T ^) Ki,Kf M',M" 

X j dVtDM"KX^) <^\miM'R{^)\^> ■ 

Since wave functions for a ground band and a 7-band contain different components of 
the X-states, they can have different responses to the triaxiality. As a consequence, one 
expects different behavior of the g-factors of the states in a ground band and a 7-band 
as a function of 7- deformation. An interesting relation between the ground band and 
the 7-band g-factors has been suggested based on experimental information and the 
departure of the ratio r = g{2^ , 7-vib)/(y'(2"'", ground) from 1 was interpreted as the F-spin 
admixture within the interacting boson model |]T9|. 




Figure 2. Comparison of calculated 
g-factor ratio r = (7(2+, 7- vib) 7(7(2+, 
ground) with available data for Dy (top 
panel) and Er (bottom panel) isotopes. 
Data are taken from Refs. B,3,p0[] • 



Figure 3. Calculated g-factors of the 2"*" 
state in the ground band (solid line) and 
that in the 7-band (dashed line) for ^^^Dy 
as a function of triaxial deformation e'. 
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In Fig. 2, the calculated g-factor ratios of the 2+ 7-state to that of the 2+ state of 
ground band are plotted for the Dy and Er isotopic chains. In going from the neutron 
number iV = 88 to 100, the theoretical curves show the same trend for the two isotopic 
chains: As the neutron number increases, the ratio r starts from a value around 0.8, goes 
up and crosses the r = 1 line, reaches a value close to 1.1, and then turns back. Thus, 
our theoretical r is clearly smaller than 1 for transitional nuclei, and is close to or larger 
than 1 for well-deformed nuclei. By collecting available data from the rare earth region, 
Alfter et al. obtained a similar trend for the experimental r [Q. Unfortunately, there 
are not sufficient data across the whole isotopic chains for a comprehensive study. In 
Fig. 2, we plot the available data of the Dy and Er isotopes. For nuclei with the neutron 
number larger than 96, we have obtained an r value larger than 1, indicating that for these 
nuclei, the g-factor of the 2+ 7-state is larger than that of the 2+ state of ground band. 
This is in a qualitative agreement with the existing data. However, the amplitude of the 
theoretical ratios are smaller than the experimental values. For the nucleus ^^°Dy, there 
have been two independent measurements with rather controversial conclusions [0,^]- 
The calculated r value for ^^°Dy is close to the one obtained by Alfter et al. in Ref. . 
The implication of these results is discussed below. 

For a better understanding of the above results, let us study the g-factors in terms of 
the triaxiality in the deformed Nilsson basis and the i^'-mixing among the basis states. 
In Fig. 3, we plot the g-factors of the 2^^ states in the ground band and the 7-band for 
^^"^Dy as a function of the triaxial deformation parameter e' . It is seen from Fig. 3, that 
the g-factor of the ground band 2"*" state is significantly larger than that of the 7-band if 
the triaxiality e' is small. However, as e' increases, the two g-factors attempt to be close 
to each other. The two g-factor curves cross eventually at an higher triaxiality around 
e' = 0.16. The tendency that the two g-factors get closer for larger e' may be understood 
as a consequence of the i^'-mixing among the projected /^-states in Eq. (^. For a small 
e', the ground band consists of a pure K = Q and the 7-band a pure K = 2 component. 
With increasing e', considerable K = 2 component is mixed into the ground band, and 



vice versa, K = component into the 7-band (see also the discussion in Ref. ||14|)- Foi" 
a sufficiently large e', both components can be nearly equally present in the ground band 
and in the 7-band. This is the reason to obtain the close values for the two g-factors with 
large triaxiality. 

It becomes clear from Fig. 3 that in our calculation, whether r is larger or smaller than 
1, as well as its amplitude, is closely related to the triaxiality e'. Changing e' can lead 
to a different theoretical picture. However, the theoretical r given in Fig. 2 are obtained 
with the e' that can best reproduce the energy levels in Fig. 1 (for the Er isotopes, in 
Ref. 13). e' is related to the conventional triaxial parameter 7 through the relation 
tan 7 = -. The value of e is held fixed for each nucleus in the calculations, and therefore, 
7 increases linearly with e'. We thus suggest that accurate measurement of r can provide 
useful information for understanding the triaxiality of a nucleus. Experimental study of 
g-factors is a very challenging task. It is not surprising to see very controversial results 
from different measurements, such as the example of ^^'^Dy. We hope that our results will 
stimulate future g-factor experiments. 

Now we turn our discussion to the angular-momentum dependence of the ground band 
g-factors. Experimental data in Ref. [E^] exhibited a significant variation in the g-factors 
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of the low-spin states in some Dy ground bands. The data shows a large drop at 6^ 
in ^^^Dy and ^^°Dy, and a clear jump at 8^ in ^^^Dy. The early projected shell model 



calculations @;T^ with an axially deformed basis did not reproduce the variations. We 
note that these data are different from those obtained by Brandolini et al. P,p2| in which 
these variations were not seen. In the early projected shell model calculations, while the 
band-crossing with an 113/2 neutron pair can be excluded as a cause for these variations 
rUi, there could exist uncertainties due to the restriction of an axially deformed basis. 



Thus, with the new three-dimensional projection calculation available, the projected shell 
model results can now be recalculated. 
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Figure 4. Comparison of available data with calculated g-factors for ^^^"^^"^Dy. There 
are two sets of theoretical curves for calculations with triaxially deformed basis (solid 
curves) and with axially deformed basis (e' = 0, dashed curves). The experimental 
data are taken from Ref. (open squares), Ref. (open circles), and Ref. 
(open diamonds). 



In Fig. 4, results of the TPSM calculations are compared with the experimental data 
P, pT| , p3| for the isotopes ^^^~^^^Dy. The deformations e and e' used in the calculations 
are again those listed in Table 1. It can be seen from Fig. 4 that the theoretical curves 
appear to be smooth as a function of angular momentum and no variation in the g- 
factors is obtained. Consequently, the experimental g-factors by Brandolini et al. are 
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nicely reproduced. We can thus conclude that the present calculations, performed with 
inclusion of 7-deformed basis and three-dimensional angular momentum projection, can 
not produce g-factor variations in the low-spin states of ground bands. 

In conclusion, the low-spin g-factors of both ground bands and 7-vibrational bands in 
the 7-soft and well-deformed rare earth nuclei have been studied simultaneously using the 
triaxial projected shell model approach. The diagonalization is carried out in a shell model 
basis with three-dimensional angular-momentum projection on the triaxially deformed 
Nilsson-states. It has been shown that the 2+ state g-factors in ground bands and in 
7-bands behave differently as a function of triaxiality. The g-factor ratio r varies along 
an isotopic chain, having different characteristic values for transitional and well-deformed 
nuclei. For a given nucleus, the calculated r can be changed with triaxial deformation. 
Therefore, we suggest that the ratio of the g-factors, not their dependence on rotation, 
may be taken as a fingerprint of the nuclear triaxiality. More accurate measurements of 
the g-factor ratio will be very helpful for a better comparison with the theoretical results 
presented in this manuscript. 
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